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PrOblem Setup _div(a(-/e)V) "—" — div(apemV ) ?

= Fix dimension d > 2. Consider the problem
—div(a(%)Vug) —uut =f, f € L3(R%), uecC

= a(x) is Z%-periodic, and looks like this:

“stiff” material

/, —
a = Cstiel
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Problem Setup

= Fix dimension d > 2. Consider the problem

full space
» Operator POV

» Resolvent egn
—div(a(f)Vug) —uut =f, f € LZ(]Rd), uecC Aguf —pu® =f

= a(x) is Z%-periodic, and looks like this: * 0(4¢) 2 0(Anom)

“stiff” material

/, —_ —
a = cstieel =1

g “soft” material
a = cgored = €21

“high/critical
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Methods available (non-HC)

(Murat 1978, Tartar 1979) Method of compensated compactness
U¢ = U%ve =v0in (L2()9)
divUé - f°e H ' and curl V€ = o

Then U - VE - U° . V0O,

(Allaire 1992) Two-scale convergence method: We say v® 2, v0 if

JQ vf(x)tp(x,g)dx —>ff v0(x, V)Y (x, y)dydx

0x[0,1]

For all ¥(x,y) € D(Q; Cper([0,1])).

Tartar’s method of I'-convergence,
oscillating test functions G-convergence,
(1977) H-convergence, ...

Two-scale expansion method

uf(x) = uo(x,%) + eul(x,%) + ezuz(x,%) ST

(Birman-Suslina 2004) “spectral germ”

e Gelfand transform

~ (D
A= f[oll]dA(T)dT

Perturbation theory
A(t) (1) = A,(£) @ (D), T =t

Norm-resolvent approximations!!!




Why norm-resolvent convergence?

= Let A,, and A be (unbounded) self-adjoint ops on a Hilbert space H .

= We say that A4,, converges to A in the norm-resolvent sense, denoted 4, = A, if

(A =D = (A=D1 lpp — O, as n — o, for some 1 € C\ R.

= Implies strong convergence of solutions u™ = A;1f - Ay;1f = u°.
What it cannot achieve

= (By functional calculus) ||g(4,) —gDll,p, 2 0, g € CQ\(IR%; C) . spectral decomposition

- A, = A implies convergence of spectrum (in some sense), i.e. * Might not have limits in

‘ general ... norm resolvent
.0 (nr — lim An) = lim o(4,) asymptotics
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Step 1

= From A,u® — uu® = f, we apply a sequence of unitary transforms:

® 6
Ae =G ( j ;A @, d9> Ge

Unit cube Q = [0,1)¢

| ) - Ostiff .
« Gelfand Transform > Cstiff = €
Ge: P(RY) > L*(e7'Q % £Q)
(gives us a family of PDEs on L?(&Q)) - Usoft
T ~ Csoft = 1
 Unitary rescaling ',"l ‘
— ®.: L?(eQ) - L?(Q) Periodic Transmission
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Step 1

« Write 7 = €6 € Q' = [—m, m)%. The resolvent equation

(49 - z)u = f € 12(Q)

has a unique solution u = ul® = Usot T Ustiee Whenever the following BVP can be

E

solved uniquely in the weak sense:

271 2
£72(3V + 1) “Usgier —ZUsrifr = f
1 2
(TV + T) Usoft — ZUsoft = f

Ustiff = Usoft,

Jdu
+ i(T ’ n)ustiff] + [ aj;)ft + i(T ’ n)usoft — 0;

Ugtiff periodic

5 [OUstite
on

in Qstiff)

in Qsoft;

onT,
onT,
on dQ

Unit cube Q = [0,1)¢

Qstifr ,
» Cstiff = €

A Qsoft
. Csoft = 1
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Our goal

- Find an operator AY,  that is

= self-adjoint on a possibly smaller subspace L?(Qs.s) @ H of L2(Q).

(T

- Dependence on ¢ only allowed in the action of 4.} ..

on the stiff component.
(e.g. domain D (A(T) ) cannot depend on ¢.)

« Is 0(&?) close to Ag) in the norm-resolvent sense. 0(e?)-error does not depend on

need not be unique since we are discussing asymptotics.




Result (as a picture)

» Periodic BCs on dQ

» Periodic BCs on 0Q

domain ( Agoft'(f)) + span{[T5°ft (@Sl @

stiff,(t)
1 :

- tiff, :
St @ys | it birichlet-to-
: Neumann
operator on L?(T)

1D-operator

- 0N Qsiff
; .
e HStifﬂ(T)ll)lstiff'(T) H
iff,
action . C(d)epends on 8_2, ‘uitl (7) and
>
anT Usoft

—(V + i1)%u Cell problem
lurking here!




Result

Theorem (Cherednichenko, Ershova, Kiselev 2020)

A (7)

ghom

The operator defined by

~ i iff,
D (AT om) = (1, 0) € L(Qsore) @ span {TIifiy2it O},

UED ( A;s)oft,(r)) + span {Hsoft,(r)lpftifﬁ(ﬂ}’ i = [stft@ Fgoft,(r)u}

L\ (u) - —(V + i1)?u
ehom \g) = | _(fstitt@+) "' p@) [aff)uh + g_zuitlff'(T)UH‘]

is self-adjoint on L?(Qgoe) @ span {HStiff'(T)tpftiff’(T)}, and is 0(£2) close to A in the norm-resolvent

sense.

This estimate is uniformin t € Q' and z € K, (a compact set ¢ > 0 distance away from the real line.)
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[1,S(2)

® A M(2),
Boundary triples Q jﬂ
A (Ryzhov) boundary triple (4,, A, IT) needs: V
= Separable Hilbert spaces H and &. o, Iy
= (Dirichlet operator) A, an unbounded SA op on #, with 0 € p(4,).
= (DTN operator) A an unbounded SA op on €£.
= (Lift) IT: £ - H, a bounded injective linear map.
= D(Ay) Nnran(Il) = {0}
This gives us meaning to (4g, , — z)u = f € H, or equivalently
(A-z)u=f Approx A = Yue{-, Yi)i

(Bolo + p1Du=0 by w1 (-, 1)1
with a nice formula on the resolvents:

Rg 5.(2) = (Ag — 2)F = S@(Bo + F1M (@) p1S(2)"
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